A DomainTheoreticApproachto Computational
Geometry

SamClegg
March2003

Abstract

In computingapplicationssuchasCAD/CAM, thatinvolve modellingof
real world objects,a wide rangeof commonlyusedandgenerallyaccepted
algorithmshasbeendeveloped. Many of them, however, are basedon in-
valid assumptionaboutthe capabilityof the machineghatimplementhem.
For example,it hasbeenshowvn that someof the mostbasicpredicatesand
functionsusedin classicalcomputationaeometryarenon-computabland
thatthis canleadto inaccurateandincorrectalgorithms.This paperlooksat
an alternatve modelfor computationabeometryintendedto addresghese
fundamentalssues. This new modeltakesa domaintheoreticapproachto
solid modellingandthereforethis paperalsocoversthe requiredmathemati-
caltheoryof domains.

1 Intr oduction

CommercialCAD/CAM applicationsareusedroutinelyin mary of todays design
andmanuhcturingindustries Althoughthey constituteoneof themostestablished
elds in computingwith a large baseof acceptedilgorithmsthereremainseveral
fundamentabproblemsin classicalcomputationageometryand solid modelling.
Theseissuesstemfrom the requiremento modelreal world objectswhich can
have an in nitely comple form. Existing algorithmsin computationalgeome-
try aredesignedandproved on the assumptiorthatarbitraryrealnumberscanbe
computed,storedand compared. This introducesa whole host of arithmeticer

rors whenimplementedon realistic machineswhich use oating-point (or nite
precision)arithmetic. Thesearithmeticerrorscanmanifestthemselesin eventhe
simplestof algorithmsandasa resultmary of today’s applicationsare suscepti-
ble not only to errorsin accurag but alsoto logical inconsistencieandcomplete
failures.

As atrivial exampleof how arithmeticerrorscanproducealgorithmicinconsis-
tencieconsiderafunctionfor nding theintersectiorof two linesonaplane.The
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2 DOMAIN THEORY

resultis supposedia point on the planethatlies on both of the two lines. How-
everwhenimplementedn oating pointarithmeticsuchanalgorithmcanproduce
inconsistentesults. It is easyto nd examplesfor which the distancebetween
the calculatedntersectiorpoint andeitherof thelinesis in factnon-zero.Thisis
inconsistentith thede nition of thefunction.

Much work asbeendoneto overcomeor compensatéor numericalinaccura-
cies[l4,[5]. However, evenin modelsthatsupporsomeform of exactrealarithmetic
thereexiststhe fundamentailssuethatcomparisorof realnumbersn undecidable.
Givenarealnumberx it maynotbepossiblein nite time to answerthe question
“is x equalto 0?". If we considerx asbeingthe resultof somecomputatiorthat
outputsits decimalexpansionthenthereis no nite numberof decimalzerosthat
will tell usthatx is equalto 0. Comparisorof arbitraryrealnumberss generally
undecidablavithout someform of heuristicsor rounding. The samething canbe
saidof themembershipredicateon ary propersubsebf a Euclidearnspace Con-
sider for example,the unit spheren R3 (3-dimensionaEuclideanspacede ned
by the setof pointsfxj1  jxjg. If apointx lies exactly on the boundaryof the
spherg(jxj = 1) it is notdecidablein nite time whetheror not x lies insidethe
object. As is discussedn moredetail laterthesefunctionsare non-continuousat
suchpointsand, as a result, mary of the basicfunctionsand predicatesusedin
computatiorgeometryarein factnon-computable.

Thereareseveralapproachethathave beentakento tacklethesefundamental
issues Oneapproachhatsidestepstheissueof realnumberarithmeticaltogether
is the useof voxels (volume elements}o model solid objects. In this approach
the Euclideanspaceis split into nite sizedcubes,or voxels, which are usedto
constructmorecomple objects.While this modeldoesnot suffer from arithmetic
inaccuracie®r computabilityissuedt is awedin thatit is fundamentallyinaccu-
rate. Thedetailexpressiblan solid objectsis strictly limited by the dimensionof
thevoxels.

A morenovel approachio solvingtheseproblemspasedndomaintheory has
beenproposedn [2]. This paperis presentedsanintroductionto domaintheory
andits novel applicationto computationafjeometryandsolid modelling. Sectiori2
is anintroductionto domaintheoryandandtherequiredmathematicatonceptsin
Sectiorthedomaintheoreticmodelof solid objectsis describedindits important
propertiessuchascomputabilityof predicatesandoperationsaareshavn. We also
give detailsof a robustalgorithmfor computingthe corvex hull of a setof points
in the nev model. Finally, in Section8, we concludewith a summaryof current
proofsandalgorithmsdevelopedusingthis modelanda look at the potentialfor
furtherwork in this area.

2 Domain Theory

This Sectionprovidesa brief introductionto thetheoryof domainswhich form the
basisfor the nev modelof computationageometrydescribedSectiondl Domain
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2 DOMAIN THEORY 2.1 Partial Orders

theory grew out of a needto capturethe behaiour of recursve andunbounded
programs.In particular it is designedo modelthe nite or approximatestages
of a computation. This hasled to valuabletheoriesaboutthe computability of

recursve functionsandcomputabilityin general.Domaintheoryrelieson a basic
knowledgeof settheorywhichis assumedh this section.

2.1 Partial Orders

A partially orderedset(pose} is a setD with anassociate@rderingrelationgen-
erally denotedasv . We write this asthe tuple (D;v ). The orderingrelation
betweerelementsieednot hold for all pairs,hencethetermpartial. In suchcases
we saythattwo elementsareincomparableThe orderingrelationof a posetmust
bede nedto have thefollowing properties:

1. reexivity: 8x 2 D : X v X
2. anti-symmetry8x;y 2 D :xv yandyv x =) XxX=Y
3. transitvity: 8x;y;z2 D :xv yandyv z =) XV z

In domaintheory the orderingrelationon the setis calledinformationorder
andis usedto indicatethatif x v y thenx containslessinformation,or is less
meaningfulthany. If x v y we alsosaythatx is belowv y andthe setof all such
elementsaretheapproximatesof y.

As an example,the setof naturalnumbersandtheir normalorderingform a
partialorder(N; ). In this casewe actuallyhave a total orderasthe relationis
de ned betweerall elementof the set. We canvisualisea totally orderedsetasa
straightline anda partially orderedsetasgroupof treestructures Figurell shavs
avisualisationof the normalorderingover naturalnumbersanda secondexample
of a poset(N;v 4) whereN is orderedby divisibility. In this casean integeris
consideredo containmore informationthanary of its factors. This is a partial
orderingin thatthe relationdoesnot hold betweerall elementsFor example,the
numbers3 and5 arenot comparablén the sensahatneitherof themcontainsthe
otherasafactor

An elementof a posetis saidto be maximalif thereis no otherelementin the
setwhich is de ned to be greater(in termsof the informationordering). Clearly
(N; ) hasnomaximalelementsincefor ary naturalnumbemwe canalways nd a
greaterelement(trivially, its successonyithin the set. For the samereasorthe set
(N; Vv g) of naturalnumbersorderedby divisibility alsohasno maximalelements.

Any orderedsequencef elementdrom a posetformsatotally orderedsubset
calleda chain. Takingthecpo'sin Figure[ll asexamplesthesequenc& 10
45 100isachainfrom(N; ),and2v 44V 48V 4 24isachainfrom(N;v g).
Of coursetherearein nitely mary chainsthatcanbe formedfrom thesesetsand
we canform in nitely longchains.



2.2 CompletePartial Orders 2 DOMAIN THEORY

Figurel: The posetof N with the normalordering,andthe posetof N orderedby
divisibility.

2.1.1 LeastUpper Bounds

Givenaposet(D;v) andasubsetA D, anelementx 2 D is anupperbound
for A if:

y2A:yv X

In otherwords,anupperboundfor asubsebf D is ary elemenin D thatis greater
thaneachof the elementf thatsubsetClearlyif D hasasingleelementde ned
to be greaterthanall the othersthenthis will be anupperboundfor any subsebf
D.

If x is theleastelementof D thatforms an upperboundfor A thenit is the
leastupperbound(lub) or supememof A in D. Clearly asv is anti-symmetric,
therev_;anonly beasinglelub forary A D. We denotethe leastupperboundof
Aas A.

In termsof informationwe canthink of the lub of a chainor subsetasthe
corvergenceof a calculationtowardssome x edvalue. Of coursetherecanexist
unboundedathainsthatdo not corverge in this way andhave no lub. For example,
considetthein nite chainl 2 3 :::from(N; ).

2.2 CompletePartial Orders

A completepartialorder(cpo)is aposet(D ;v ) in whicheverychainA D has
alub within the setD. For nite setsthis propertyalwaysholdssinceall chains
will be nite andthelub of a nite chainis exactly its greatestlement.

The otherde ning propertyof a cpois thatit mustcontaina leastelement
which containslessinformationthanary otherin the set. We use? to represent
theleastelementand? p to meanthe leastelementor bottom of D. We saythe
leastelementcontaingheleastamountof information(or noinformationatall) as
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2 DOMAIN THEORY 2.3 DirectedCompleteposets

it is anapproximateo every elementin the set. Becausepo's arede ned to have
suchabottomelementwe canvisualisethemastreesrootedat this element.

Figure2: Thebegginning of the cpo formedfrom the setof all stringsover f 0; 1g
orderedby pre x inclusion.

Figure depictsthe beginning (the lowestelementspf anin nite cpoformed
by the setof all nite andin nite stringsover the alphabef O; 1g orderedby pre-
X inclusion. Herea string containsmore informationthananotherif it contains
thelatterasa pre x. Alternatively a stringis approximatedy all of its pre xes.
Themaximalelementf this cpoarethein nite stringsandclearlyall chainsare
boundedoy these. The bottomelemenbf this cpois theemptystring" whichis a
pre x of ary andall strings. We referto cpo's asdomains For example,this cpo
mightbecalledthe“domainof pre xes” or the“domainof stringsoverf 0; 1g".

Althoughboththe posetsshavn in Figure[l have a leastelement(the number
1), they arenotcompletean thatthey bothcontainchainsthatdo nothave alub (are
unboundedyvithin theset. Taking(N; ), thereis nonaturalnumbetthatis greater
thanevery othersothe in nite chainof naturalnumbershasno boundwithin N.
By includingl in the seta cpo couldbe formedas1l would bethelub of ary
suchin nite chain.

2.3 DirectedCompleteposets

A non-emptysubsetA D is calleda directedsubsetf for all x;y 2 A there
existsz 2 A suchthatx v z andy v z. Fora nite subsethis meanghatthere
existsa singlemaximalelementwithin A whichis greaterthanall others.If A is
in nite it meanghatwe canalways nd anelementgreatethanary nite subset
of A.

A directedcompletepartial order (dcpo)is a posetin which every directed
subsehasa lub within theset. A chainis totally orderedsubsewhichis a special
caseof a directedsubset.Thusary dcpowith a bottomelementwill bea cpo, as
all chainsin adcpowill, by de nition, have alub.
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2.4 FlatDomains 2 DOMAIN THEORY

2.4 Flat Domains

Given ary unorderedsetit is trivial to constructa cpo from it by addinga new
bottomelement(? ) andde ning the information ordersuchthat? is below all
elementsin the setand other elementsare incomparable. The resultingcpo is
calleda at domainor thelift of a set. Startingwith a setD we write thelift as
D, = D[ f?g whichformsthe at domain(D, ;Vv).

Thisis usefulasit meanghatary setor structurecanbe considereacpo. For
example, Figureldshavsthe at domainN-, formedby thesetof naturalnumbers.
Herethe bottomelementrepresentan approximatiorto all the naturalnumbers.
In termsof a computationwe saythat the bottom elementrepresentshe partial
calculationwhose nal resultcouldbeary naturalnumber

1 2 3 =~ n

?

Figure3: The at domainformedby takingthelift of N.

2.5 Continuous Domains

For elementf adcpowe de ne asecondelation  calledway-belowwhichis
strongerthqmpv . An elementa is way-belav b if in every directedsubsetA for
whichbv A thereexistsanelementc 2 A suchthata v c. Thisis writtenas
a bandmeanghata is a nitary approximatiorto b. If thereexistsadirected
subsetvhosdub is greatethanbthenthatsubsewill containsomeelemengreater
thana.

A subseB of adomainD formsa basisfor thatdomainif for every element
x 2 D thesetof elementsy 2 B for whichy x forms a directedsubset
whoselub is x. Intuitively this meansthatfrom B we can nd a directedsubset
that corvergesto ary elementin D. Speci cally the setof elementsn B thatlie
way-belav x.

An! -continuousdomainis adcpothathasa countablebasis. Thedomainswve
have seersofar, suchasthevariousorderingsoverN areall ! -continuousClearly
with any domainof N we have thetrivial countablébasiswhichis N itself. Toshav
that domainsover uncountablesetsare! -continuouswe mustshav thatthereis
somecountablesubsefrom which we can generate(asthelub of somechainof
basiselementshll elementsn the uncountableset.

We saythatan! -continuousdomainis effectivelygivenif thereexists some
effective enumeratiorof basiselementof the domainandfor every pair (by; by)
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3 THE DOMAIN OF REAL NUMBERS 2.6 Functionsover CPOs

of basiselementswe candecidein nite time whetherb; b,. An effective
enumeratiorof a basisB is given by a total functionb : N ! B thatgivena
naturalnumbern will generatejn nite time, the nth elementof the basis. We
write theith basiselementash(i) or simplyb;.

We saythat an elementx of an! -continuousdomainis computabldf there
exists an effective sequencef basiselementghat hasx asits lub. By effective
we meanthatthereexists atotal recursve functionthatgenerateshis sequencef
basiselementsFor exampleanelementix is computablavith regpecto basisB if
thereexistsatotalrecursve function :N! N suchthatx = 5, b (ny where
b istheith elemenbf thebasis.

2.6 Functionsover CPOs

Much of theuseof domaintheorycomesrom consideringunctionsoverdomains
andsetsof suchfunctionsasdomains.

A functionover cpo's takeselementof onecpoandmapsthemto elementof
another We write thisasf : D ! E, whereD andE arecpo's. An important
classof suchfunctionsarethosethatarecontinuous This is not be confusedwith
the notion of a continuousdomainwhich wasintroducedpreviously. A function
betweercpo'sis continuousf the mappingpreserestheinformationorderingand
alsothelubsof chains.Formallythesepropertiesanbeexpresseasfollows. Here
we usef [A] to denotef f (x)jx 2 Agthesetof all elementof A underfunctionf .

Forallx;y2 D;xvy =) f(x)v f(y)
F F
ForallchainsA D, f[A]isachaininE andf ( A) = f[A]

An importantresultin thetheoryof computings Scottsthesiswhich stateghat
all computablgunctionsarecontinuous.Corverselyary non-continuougunction
is notcomputableAlso directly relatedis the x edpointtheoremwhich stateghat
all continuoudunctionshave a canonicaleast x edpoint.

3 The Domain of Real Numbers

In Sectiorl? severalexamplesweregiven of domainsover nite or countablyin -
nite setssuchasN. Herewe describeadomainthatmodelsanuncountablyin nite
setR. Thisdomaintheoreticapproacho realnumberds thebasisof themodelfor
solid objectsgivenin thefollowing section.

We canconstructa domainof realintenals which we call (IR;v ). Thenon-
bottomelementof this setareboundedclosedintervals ontherealline whichwe
write as[a;b] = fxja x bg. Theseelementsareorderedby reverseinclusion
sothata large interval is an approximationto all the smallerintenvals contained
within it. Corverselya small interval representsa re nement of its containing
intenals. Formally this relationbetweerintenalsis de ned asfollows:

[a; ] v [az; k] () [a 0] [az; ]
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3 THE DOMAIN OF REAL NUMBERS

A chainin I R the thereforea shrinkingsequenc®f nestedntenals. The bottom
of thedomainis theintenal thatcontainsall otherintervals, namelythe entireset
of realsR. Thelub of achain[a;;l3]i>n of n elementss givenby the intersection
of theintenalsin thechains:

G \
[a;b]=  [a;hb]

i2n i2n

Sincethe setof closedintenals are closedunderarbitraryintersectionthe lub of
ary chainis in IR meaningthat every chainhasa lub andtherefore(IR;v ) is
a cpo. The maximalelementsf the domainrepresensingletonreal numbersof
the form [x; x] = fxg which have no non-emptysubsets.We canthink of ary
chainof intenalsasanincreasingaccurateapproximatiorto oneof thesemaximal
elements.

SingletonReals

i
v =]

(a) Representationf thel R domain. (b) A chainin IR.

Figure4: Thel R domain.

Theleft handsideof Figureld shavs arepresentatioof thel R domainstarting
with the bottom elementand increasingto the singletonmaximal elements.On
theright is a sequencef intenals approximatingpr corverging to, arealnumber
X2 R.

Thisideaof embeddinganuncountablesetsuchasR atthetop of adomainis
importantasit introduceshe notion of partially computedjmpreciseor approxi-
mateelementof R. It alsoallows usto de ne the conceptof a computableeal
number Clearlythesetl R is uncountableHowever, we canshav thatthedomain
is | -continuousby giving a countablebasisfor | R. Onesuchcountablebasisis
the setof closedrationglinter\alsl Q. Forary intenal x 2 IR thereexistsa chain
A 1Qsuchthatx =  A. Any realintenal canbeapproximatedy a shrinking
sequencef rationalintenalsin the sameway thatary realnumbercanbeapprox-
imatedby a sequencef rationalnumberqconverging from below or above). It is
clearthatthel Q is countableén thesameway thatrationalnumberghemselesare
countable.This meanghatthedomain(IR;v ) is! -continuousandusingl Q as
abasis,it canbegiveneffective structure.
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4 PARTIAL SOLIDS

In this context we saythatarealnumberx is computabléf thereexistsatotal
recursve functionthatgenerates chainin 1 Q whq_s,elub is X. Thatis to saythat
thereexistsafunction : N ! Nsuchthatx = 5, b () wherel is theith
rationalintenal.

4 Partial Solids

Thereare several existing approacheso modellingrigid solid objects. The most
commontechniquesnvolve boundaryrepresentationgheresolid objectsarede-
scribedby the points, lines, andfaces(polyhedralthat separateheir interior from
their exterior. We saw in Sectionll how theseexisting modelscanleadto algo-
rithmswhich areinaccurateandnon-rolust.

This sectiondescribes new domain-theoretienodelfor representingbstract
solid objects. The nev model,describedn [2], is intendedto allow the develop-
mentof robustalgorithmsfor computationagjeometry Therequiremenof thenew
model,asstatedn [2], areasfollowing:

=

. thenotionof computabilityof solidshasto bewell de ned.
2. themodelhasto re ect the obserablepropertieof realsolids.

3. it hasto be closedunderbooleanoperationsand all basic predicatesand
operationdhave to be computable.

4. non-r@ularsetshave to be capturedoy the modelaswell asregularsolids.
5. themodelhasto supporta designmethodologyfor actualrobustalgorithms.

Usingthedomaintheoryintroducedn theprevioussectionit canbeshowvn thatthe
basicpredicatesandoperationon solid objectsarecontinuousvheretheir counter
partsin theclassicamodelarenot. Many of thetheoremsn this sectionaretaken
directly from [[2] wherefull proofsareprovided.

4.1 Topological Spaces

In orderto describgpropertiesof the domaintheoreticmodelfor rigid solidsbasic
understandingf topologiess required.

A topologyon a setis a collectionof subsetsvhich are calledthe opensets.
Opensetshave the propertythatthey are closedunder nite intersectionandar
bitrary union. For the purposesof this reportwe consideronly the Euclidean
topology for RY. The Euclideantopology for R is given by the union of open
intervalsof R. Openintenals arethosethatdo not containtheir limit pointsand,
corversely closedsetscontainall their limit points. In R we write openintenals
in roundbraclets(e.g. (0;1) = fxjO < x < 1g) andclosedintenalsin square
braclets(e.g. [0;1] = fxj0 x  1g). It is possiblefor aninterval, andmore
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4.2 TheDomainof Solid Objects 4 PARTIAL SOLIDS

generallya subsetto be neitheropennor closed.For exampletheintenal [0; 1) is
closedat oneandandopenattheother
For R? the Euclideantopologyis given by the setof all opendisksandfor R3
the setof all openballs. As with R? theseopensubsetsio notincludetheir limit
points.Corversely closeddisksandclosedballsdo includeall their limit points.
The following conceptsare neededfor reasoningabout subsetswithin Eu-
clideanspace:

Complement: The complemenbf anopensetis closedandthe comple-
mentof a closedsetis open.We write thecomplemendf asetA asA°.

Closure: Theclosureof asetis its smallesttlosedsupersetin otherwords
it is the setitself plus all its boundarypoints. By de nition the closureof
ary setis aclosedset. We write the closureof asetA asA.

Boundary: Theboundaryof asetA is the setof all pointsthatarein both
the closureof A andthe closureof its complemen{Ac). Alternatively the
boundaryis the setof all pointsx 2 X for which every neighbourhooaf x

intersectdboth A andA°. The boundaryof a setA is writtenas@\. Since
aclosedsetcontainsall its boundaryelementghe closureof a closedsetis

thesetitself.

Interior: TheinteriorA of asubsetA of atopologicalspacés theunionof
all opensetscontainedn A. Alternatively theinterior of a setis the largest
opensetcontainedwithin it. Theinterior of anopensetis thereforethe set
itself, andtheinterior of ary setis open.

Regular Set: An opensetis regularif it is theinterior of its closure.Con-

verselya closedsetis regularif it is the closureof its interior. Intuitively

regular setsaresetsin which all of the boundaryelementsouchsomepart
of theinterior. Non-regularsets(in RY) arethosethatcontaindanglingedges
or danglingfaceshatconsistonly of boundaryelementsTakingtheinterior

of thesesetseffectively removesthesedanglingcomponentdrom the set.
Examplesf non-regyularsetsin R? andR? areshawn in FigureB

Bounded Set: A boundedsubsebf a metric spaces onethathasa nite
diameter For example,a boundedsubsebf R3 is onethatcanbe contained
within some nite ball.

4.2 The Domain of Solid Objects

In this model solid objectsare representeds partial solidswhich are elements
of the setSRY the setof partial solidsin d-dimensionalEuclideanspace. Since
practicalapplicationsn computationagjeometryinvolve solid objectsin Euclidean
spacewe will limit our descriptionto this topology This restrictionmakes mary

10



4 PARTIAL SOLIDS 4.2 TheDomainof Solid Objects

Figure5: Examplesof non-reularsetsin R? andR3.

of the conceptanoreintuitive andsimpli es mary of the proofs. However, mary
of thetechniquespplyto amoregeneraklassof topologiesnot relevanthere.

In classicamodelssolid objectsarede ned assomesubsetf Euclidearspace.
For realworld objectthis meansR3. In Sectiorll it wasnotedthatthe member
ship predicatefor ary non-trivial subsetof R? is non-continuousand therefore
non-computable We cannow shav why this is the case. Considerthe classical
membershipredicatefor asubsef of RY which mapsa pointsin R¢ to eithertt
or

tt ifx2A

if X 62A

Firstnotethatmembershipf anopensetis semi-decidableThis meanghatif x is
in A wewill beableto verify thisin nite time. Considera programthatgenerates
x with increasingaccuray. For R? we canconsidera shrinkingsequencef planar
rectangleshatcorvemgeto x. If A isopenandx isin A theneventually aftersome
nite numberof stepstherectangleghatapproximates will lie completelywithin
A.

For pointson the boundaryof a closedsethowever, membershipwill not be
decidablelf A is closedandx liesontheboundaryof A thenthereis norectangle
approximatingx that will lie totally inside A. Any rectangleapproximatingx
forms a neighbourhoof x andby de nition, all neighbourhood®f boundary
elementsntersecboth A andits complement.

Now noticethatif A is openthenits complementis closedandthatx 62A is
equvalentto x 2 A°. This meanghat evenfor opensetsthe classicaimember
ship predicateis only semi-decidableandthereforenot computable.In fact, the
predicatds non-continuougor all pointsin @\, theboundaryof A.

To createamembershipredicatehatis continuousve mustacknavledgethat
membershigs undecidabldor pointsin @\. The membershippredicatecanbe
rede nedto mapelemento ftt; g, thethreeelementdomainformedby taking
thelift of ftt; g. Elementdn theinterior of A aremappedo tt, elementsn the
interior of its complemenaremappedo andall otherelementaremappedo? .
Here? is usedto mean“‘don't know” which captureghe essentialndecidability
of the membershippredicatefor elementsof the boundaryof a propersubsetof

X2 A=
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Euclideanspace.This new continuousmembershipredicate2 ° canbe written as
follows: 8
2ttt ifx2A
x 20A = . ifx2A°
" ? otherwise

SinceA andA° are,by de nition, opensetsthenmembershipf eitheris semi-
decidable Pointsontheboundaryof A (in neitherA norA° ) will be mappedo
? . In this context we canthink of A asbeingtheinterior of a solidandA°® as
beingtheexterior. @\ representthe unobserablespacebetweerthem.

The ideathat a solid is describedby two opensetsthat representts interior
andexterior givesrise to the de nition of a partial solid. A partial solid is made
up of two disjoint opensetsof RY. Elementsof SRY, the setof partial solids,are
writtenas(l ;E) with 1 \ E = ;. Pointsin thesetl representheinterior of the
objectandpointsin E representhe exterior. Pointsthatareneitherin theinterior
or exterior representaisyet unde ned partsof the solid. This givesusthe notion
of partially de ned or incompletesolid objectsthatis importantin this model. The
continuousmembershipredicate, 2° :RY SRY! ftt; g, for partial
solidsis de ned asfollows:

8 -

2ttt ifx21
x20(I;E):> ifx2E

© ? otherwise

Thepartialorderingover SRY givesriseto thedomainof partialsolids(SRY; v
). Theorderingrelationis de ned by component-wisénclusion:

(I;E1) v (I;E2) () 11 lpandEr  E»

Intuitively this makessense As we increaseheinterior or exterior of anobjectwe
have moreinformationaboutthe object,or ratherwhich pointslie insideor outside
the object. This resultsin a cpowhosebottomelementtheleastspeci ¢ solid, is
(;;;) andwhosemaximalelementsepresentully describedbjects.To shav that
it is a cpoit mustbe shavn thatary chainin (SRY; v ) hasa lub within the set. If
wetake anarbitrarychainof n elements (Ii; E;) ::: (I n; En)gthelub of thechain
is givenby: G [ [
(I;ED)=(C i Ej)
i2n i2n i2n
Sincetheopensetsareclosegdunderynionwe kn()NthatthatSi2n li andsi2n Ei
areopen,andtherefordub (., 1i; i, Ei) of thechainisin SRY.
Figurddshavsachainof threepartialsolidsfrom SR?: (A1;B1) v (A2;Bs) v
(A3; B3). Herethethreeseparategures shaw increasinglyaccurateapproxima-
tions to the shapeoutlined. At eachstagein the chainthe size of the interior or
exteriorincreases.
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Figure6: A chainto from SR2.

Themaximalelement®f (SRY; v ) represenidealisedpr maximallydescribed,
solid objectsandthey have severalimportantproperties.If (I; E) is maximalin
(SRY:; v ) thenwe know thatl = E¢ andE = |°¢ . If thiswerenotthecasethen
oneor the otherof themcould be increaseqwhile remainingdisjoint) to form a
greaterelement. This alsoimplies that for maximalelementd [ E = RY. No
pointsexists thatarenot in the eitherclosureof | or closureof E. Elementsof
SRY thathave this propertywe call classicalsolid becauséhey represenpairsof
opensetsthat,onceclosed completelypartitionthe Euclidearspaceasis thecase
in the classicaimodelsfor geometricsolids. Finally, it hasbeenshavn thatfor all
maximal elementsof SRY the sets| andE arebothregular This follows from
thefactthatl = EC€ istheinterior of aclosedset(E°) is, therefore regular So
althoughnon-reyular solidsexistsin SRY all the maximalelementsareregular It
is alsothe casethatfor ary regularopensetA thereis acorrespondingartialsolid
(A; A®) whichis maximal.

Not all classicalsolids(I [ E = RY) aremaximalwithin the SRY domain.
Thereare non-rgular solids which have this propertybut are not maximalwith
respectthe information ordering. For example, considera non-reyular classical
solid. We canremove the "danglingedges'from its interior | which allows us
to increasethe exterior E and createa new regularisedsolid which is greaterin
termsof the ordering. So all maximalelementgepresentlassicalregular solids
but non-reyular classicakolidsarealsorepresentewith the domain.

4.3 Partial Points

In Sectiorid thedomainof realintenals | R wasgiven. In this domainreal num-
bersthemselesarerepresentedsmaximalelementsWe canextentthis notionto
d dimensiongo form a moregeneralintenal domainl R%. Non-bottomelements
of | RY areclosedboundedi-rectanglesn RY orderecby reverseinclusion. Thisal-
lows usto modelary pointin RY asthelub of ashrinkingsequencef d-rectangles.
As with | R, the bottomof this domainis the entirespaceRY. For d = achainis a
shrinkingsequencef nestedectanglesvhich corvergeto apointontheR? plane.
Likewisefor d = 3 achainis a shrinkingsequencef cubesapproximatinga point
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4.4 BasicOperationsn Partial Solids 4 PARTIAL SOLIDS

in R3. Theideais thatwe canrepresentnaccurateor partially computedpoints
using elementsof | RY. For examplethe inaccurag of measurementevices or
humaninput canbe modelledin thisway:.

In the sameway that the setof rationalintenals forms a basisfor the inter
val domainwe canused-rectanglesvith rationalverticesasa countablebasisfor
thesetl RY. Any rectanglein | RY canbe expressedasthe lub of a shrinkingse-
quenceof rationalrectanglesrom | Q9. Thesetl QY is countableaseachelement
is representeds?2d rationalvertices.

A partialpointx 2 I1RY is computabléf thereexistsa total recursve function
thatgenerates sequencef rationalpartial pointsfrom 1 Q9 with lub x.

4.4 BasicOperationson Partial Solids

In this sectionwe look at somebasicpredicatesindfunctionsover the domainof
partialsolids. Unlike their classicakounterpartstheseoperationsareshavn to be
continuous.

4.4.1 The Membership Predicate

To form the continuousmembershifpredicatea bottom elementwas introduced
to the outputdomainof the classicmembershigpredicate.This gave a continuous
predicate 2 :RY SRY! ftt; g, whichhasalreadybeengiven.

We canextendthis predicateto operateon the domainof partial points| RY.
Foranelementr 2 1RY we have:

8 -

2t ifP |
P2(;E)=_ ifP E

" ? otherwise

Here a partial point is a memberof a partial solid if it is completelycontained
within theinterior. Likewisethe pointis outsidethe objectif it is completecon-

tainedwithin the objects exterior. Otherwisewe saythatits membershipf P is

unde nedat a particularstageof computation.

4.4.2 Complement

The continuousmembershippredicateon a partial solid de nes its structurein

termsof ftt; g,. Inverting the truth valuesgives a naturalnotion of the com-
plementof a solid, i.e. pointsin the interior andexterior are swapped. Therefore
we de ne thecomplemenbperatoron a partialsolid (I ; E) to be (E; ). Clearly

(E: 1) isalsoin SRY astherestrictionthatl andE areopenanddisjointstill holds.
This givesusa continuouscomplemenbperator: : SR9! SR,

14



4 PARTIAL SOLIDS 4.5 Computabilityof Partial Solids

4.4.3 Union and Intersection

Forboolearoperation®npartialsolidssuchasunionandintersectiorwe canagain
usethe factthat the partial solidsare describecby their continuousmembership
predicate We cande ne membershipf the outputsolid basednthemembership
of thetwo inputs. Tablefll shavs the membershipf the booleanunion andinter

[ |t ? \ ?
tt |ttt tt tt | tt ?

tt ?
2|t ? 2 ?|? ?
(a) Union (b) Intersection

Tablel: Truthtablesfor boolearunionandintersectiorin SR

sectionoperationbasedon the membershimf the input solids. Usingthesetables
theboolearfunctions [ :SRY SRY! SR%and \ :SRY SRY! SRd
arede ned asfollows:

(I,E) [ (I25E2) = (11 [ 12;E1\ Ep)
(I, Ex)\ (12;E2) = (11N 12;EL[ E2)

4.5 Computability of Partial Solids

Although we have seenthat the basicfunctionsand predicateson partial solids
are continuouswe would like to ableto reasonaboutthe computabilityof SRY.
Continuity is a necessaryonditionfor a function to be computablebut it is not
sufcient. We wantto beableto de ne thenotionof acomputablgoartialsolid. To
do this we give anefectivestructue for SRY. We have alreadyseenin Sectiori2
thatit is possibleto give effective structureto the internval domainl R usingthe
rationalintenals| Q asabasis.Herewe constructa similar basisfor SRY.

Firstwe shav thatSRY is an! -continuousdomain. Therearemary different
waysto constructa countablebasisfor SRY. Oneintuitive methodusesopenratio-
nal polyhedraasabasisfor opensetsin RY. An openrationalpolyhedrade nesan
opensubsebf RY usingpolyhedrawith rationalvertices Lik e therationalnumbers
themselesthe setof all suchpolyhedraRP is countableand computable.This
meanghatwe canconstrucafunctionb: N! RP thatgivenanaturalnumbem
will returnin nite time the ntheopenrationalpolyhedra.

We constructthe domainof partial rational polyheda SQY consistingof el-
ementsof the form (1 ;E) wherel andE aredisjoint openrational polyhedra.
Clearly SQY is a strict subsef SRY. This canbe seenby thefactthatall open
rationalpolyhedraare,by de nition, opensetsin RY andthereforeadisjointpair of
openrationalpolyhedraform anelemenbf SRY. Now we canseehow SQY forms
abasisof SRY. Any partialsolid canbe given asthe lub of somechainof partial
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5 COMPUTABLE CONVEX HULL

Figure7: RationalPolyhedran SR?.

rationalpolyhedra.ntuitively partialrationalpolyhedraapproximatepartialsolids
andwe canconstructa, possiblyin nite, chainof increasinglymoreaccurateap-
proximationsthattendto a particularpartial solid. Figure[d shavs an elementof
SQ? which lies way-belav the classicashapeoutlined.

We saythata partialsolid (I ; E) is computabléf thereexistsatotal recursive
functionthatgeneratea chainof basiselementavhich hasalub of exactly (I ; E).
Givenaneffective functionb: N ! B thatenumeratebasiselementsve cangen-
eratetheith basiselementy. A partialsolid (I ;E) i%_computabléf thereexistsa
totalrecursvefunctignf : N! Nsuchare(l;E) = 5, bx(;). Thisisequialent
tosaying(1;E) = (o1 1(brgi)); i2r 2(bxi))), wherely = ( 1(b); 2(h)).

Operationson partial solidsarecomputablewith respecto an effective struc-
tureif they take computablesequencesf elementgo computablesequencesThe
operationgyiven thusfar (membershipcomplementjntersectionand union) are
all computablewith respectto ary effective enumeratiorof the partial rational
polyhedraSQ¢.

5 Computable Convex Hull

Classicakorvex hull algorithmsaresusceptibléo errorswhenimplementedising
oating point arithmetic. As we saw in Section[l, theseerrorscanleadto the
completefailureof thealgorithmto produceevenacandidateonvex hull (aclosed
polyhedra) Herewe give aneffective andcomputableonvex hull algorithmbased
onthedomaintheoreticmodelof geometrydescribedn Sectiord For illustrative

purposesve describethe algorithm for computingthe hull on pointsin the R?

plane,althoughthis methodhasbeenprovedfor arbitrarydimensionsn [3].
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5 COMPUTABLE CONVEX HULL 5.1 ThePartial Corvex Hull

5.1 The Partial ConvexHull

In this modelthe corvex hull computatiortakesa setof n partialpoints(rectangles
from | R?) andcomputesheir corvex hull asa partialsolidin SR?:

Cn:(IRH" 1 SR?

At eachstagein the computationmeasurementr re nementof the partial points
we calculatancreasinglymoreaccuratepproximationso theinteriorandexterior
of their corvex hull. Theideais thatin the limit, asthe partial pointsapproach
classicalpointsC,, approachethe classicalsolid representinghe convex hull of
the n points. Remembethat a classicalsolid in R? a partial solid (I ; E) with
I'[ E=R2

Figure8 shaws a setof partialpointsin R2. Eachpointis shovn asarectangle
containingthe pointthatit will eventuallybere ned to.

o =
=
- -

-]

]
[]

Figure8: A setof partialpointsin | R?.

Thealgorithmfor C, makesuseof the classicalcorvex hull algorithmwhich
takes a setof pointsin R? to a closedcompactsubsetof R? representingheir
corvex hull. If Q(R?) is the setof all closedboundedsubsetof R? we write the
classicakonvex hull asthe map:

Hn: (RO CR?
As statedearlier H,, is not a generallyrobust algorithmwhenimplementedon
realisticmachinesisingrealnumberinputs. However, we canimplemenit reliably
on a subsef pointsfor which the comparisoroperatoris decidable.In this case
wewill seethatit is possibleo computethe partialcorvex hull usingonly rational
inputs(pointsin Q?) toH .

to a partial solid of the form (I ; E). For clarity we expressCy, in termsof two
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5.2 An Effective Algorithm for C, 5 COMPUTABLE CONVEX HULL

separatéunctionsfor calculatingl , theinterior hull, andE,, the exterior hull.

Eachof theseR; rectangless madeup of four verticesin R? which we canlabel
clockwisefromthetopleft asR'; R?; R? andR;*. Thesetof all n-tuplesof vertices

exterior of the solid are computedby the following mapswhich take the setof n
rectanglesheinterior andexterior of their corvex hull:

p2P (R1;::5Rn)

En(R1;:::5Rn) = ( Hn(p))®
p2P (R1;::Rn)

This de nes the interior of the hull to be the intersectionof all the possible
hulls formed by n-tuplesof verticesselectedone from eachrectangle. Because
the intersectionis taken it is clearthat however the partial pointsarere ned the
pointsin | arede nitely within theirhull. SinceH ,, takespointsto a closedsetthe
intersectionwill be a closedandwe thereforetake the interior of the intersection
asthe opensetl . This representshe largestpossibleopensetof pointsthatare
de nitely within the corvex hull of then points.

ForE,, thepartialhull's exterior, we take theunionof all thehullsformedfrom
all n-tuplesof verticesandthentake the complemenbf this union. Effectively we
computehepointsthatlie within oneof thepossiblehullsandtake thecomplement
to bethesetof pointswhich cannotlie in ary of them.If apointdoesnotlie within
ary possiblehull thenhowever the partial pointsarere ned they will alwayslie
outsidetheresultinghull. Sincetheunionof thehullsis aclosedsetits complement
will be open.Thereforewe simply take this asthe openexterior of the partial hull.

The resultis two disjoint opensetsthat form a partial solid. At ary stage
of computationtherewill be pointswhosemembershif the corvex hull is not
known. Thesepoints,whicharemappedo ? by themembershipredicatecould
lie in eitherexterior or interior, dependingon how the partial pointsarere ned.

5.2 An Effective Algorithm for C,

The partial hull algorithmgiventhusfar relieson classicahull algorithmH . As
shavn in [2] thisis notrobustfor arbitrarypointsin R? asit reliesnon-computable
operationsspeci cally the of comparisorrealnumbersWe sav in Sectiord that
IQ (or ID) formsa basisfor | R. To implementan effective algorithmfor C,, we
limit its input domainto rationalrectanglesrom 1Q? andin doing so limit the
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5 COMPUTABLE CONVEX HULL 5.2 An Effective Algorithm for Cp,

useof H, to purelyrationalnumberdor whichit is robustandeffective. We can

alsoreducethe compleity of the calculationsof |, andE,, by rede ning themas
follows:

\4

Thesefunctionshave beenshavn to be equivalentto the de nitions of of |
andE, given previously. The exterior is computedby taking the classicalhull
of all verticesfrom all rectangles.This is equivalentto the union of all the hulls

closedsetformedfrom taking the hull of all pointsin all rectanglesWe take the
complemenbf this asthe exterior of the partialhull.

(a) Calculatingthe hull exterior (b) Calculatingthe hull interior

Figure9: Corvex hull of partialpointsin | R?.

Fortheinteriorwe cantake theintersectiorof justthe4 hullsformedby joining
the respectie cornersof eachrectangle. The intersectionof thesefour hulls is

On the right-handside of Figure[d we canseehow the intersectionof thesefour
hulls form the interior of the partial hull. In this diagrameachof the 4 hulls is
drawn usingis differentstyle of line. Pointsinsideall of thesefour hulls form the
interior of the partialhull.

Finally, Figurelld shavs thecorvergenceof the partialhull asthepartialpoints
cornverge to pointsin R?. In this diagramthe interior and exterior of the partial
hull (calculatedas using either of the two equivalent algorithms)are shovn as
solidlines. As the partial pointsarere ned on theright-handdiagramwe cansee
how theinterior andexterior corverge. Becausenly rationalverticesareusedas
inputsto H,, the classicalhull algorithm, it is possibleto implementthe partial
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6 CONCLUSION

hull algorithmsuchthatit is robust. It is alsocomputablén thatit will producea
computablgartialsolid from computablénputs. Moreover it hasbeenshawn this
algorithm,for dimensionalityessthan4, hasa time compleity of O(N logN ) in
thenumberof vertices.

Figure10: Corvergenceof the partialhull.

6 Conclusion

This reporthasbeena summaryand discussionof a domaintheoreticapproach
to solid modellingandcomputationajeometry The modelwasmotivatedby the

fundamentaissuesof non-computabilityand numericalinaccurag that are not

addressedh classicalimodels. In practice,industrialapplicationsandalgorithms
tendto emplgy ad-hocheuristicsto produceconsistenaindreliableresults.Thisis

not a generalor well-de ned solution. For situationsthat demandrobustnessand

well-de ned notionsof computabilityand accurag a new approachis required.
With this in mind, the model discussedn this paperde nes a completelynew

basisfor generatingand proving algorithmsin computationaeometry The new

modelwasdesignedo meet5 speci ¢ goals.

1. thenotionof computabilityof solidshasto bewell de ned.
2. themodelhasto re ect theobserablepropertiesof realsolids.

3. it hasto be closedunderbooleanoperationsand all basicpredicatesand
operationdhave to becomputable.

4. non-reyularsetshave to be capturedoy the modelaswell asregularsolids.
5. themodelhasto supporta designmethodologyfor actualrobustalgorithms.
Herewe summarisdow thesegoalsareaddressedndhow work mightin thisarea

might progress.
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Sincesolid objectsaremodelledby elementof the solid domainthe notion of
computabilityof solidscanhasbeenclearly de ned in a domaintheoreticsense
by the effective structureto the SRY domain. A solid is computabléf it is the
lub of an effectively given chainof basiselements.In otherwordsthereexistsa
total recursve functionwhich generatesucha chain. In the solid domainthe set
of partial rationalpolyhedraforms a suitablebasis. This notion of computability
satis esthe rst requiremenbdf thenen model.

Many of the basicoperationson partial solidshave beenshavn to be contin-
uousand computable. Computability of functionsmeaningthat they take com-
putablesequencesf elementdo computablesequencesThe membershigpredi-
cateandthe binary union andintersectionfunctionswerediscussedn this report
but otheroperationssuchasthe Minkowski sumof two partial solidsare proved
in [2].

Several algorithmshave alreadybeendevelopedusingthis model. In this re-
portanoutline of a computableconvex hull algorithm[3] wasgiven. Prior to this
no computablealgorithmfor the corvex hull wasknown for exactrealinputs. This
partial corvex hull algorithmcanbe implementedobustly on a realisticmachine
andhasbeenshavn to be computable.Computablealgorithmsfor Delaung Tri-
angulatiorandthe VVoroniodiagramhave alsobeendevelopedandaregivenin [{.
Heretheauthorsxtendtheframawvork of partialpointsandsolidsto includepartial
linesandpartialdiscsanda computablgunctionfor nding the perpendiculabi-
sectorof two partialpoints. Thisis evidencethatthe new modelfor computational
geometrycanindeedbe usedto createactualrobustalgorithmsasperrequirement
5.

The new framework for solid modellingif very mucha theoreticalone and
implementationsnay take mary forms. Futurework will likely focuson realistic
and practicalimplementations.The useof rational polyhedragives an effective
structureto the solid domainandresultsin computableoperationson solids. In
practicehowever the numberof rational digits requiredto storethe verticesof
polyhedramaygrow to beprohibitive. Theauthorsor [I2] suggestheuseof dyadic
vertices(verticeswhosedenominatoiis a power of 2). In this case sincedyadic
polyhedraare not closedon binary operationssomeform of roundingwould be
required.Suchroundingmethodsarecitedasanareaof possiblefurtherwork. Of
coursethereis alsomuch potentialfor the developmentof additionalalgorithms
andoperatorswithin the new framework.
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