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Abstract

In computingapplicationssuchasCAD/CAM, thatinvolvemodellingof
realworld objects,a wide rangeof commonlyusedandgenerallyaccepted
algorithmshasbeendeveloped. Many of them,however, arebasedon in-
valid assumptionsaboutthecapabilityof themachinesthatimplementthem.
For example,it hasbeenshown that someof themostbasicpredicatesand
functionsusedin classicalcomputationalgeometryarenon-computableand
thatthis canleadto inaccurateandincorrectalgorithms.This paperlooksat
an alternative model for computationalgeometryintendedto addressthese
fundamentalissues.This new model takesa domaintheoreticapproachto
solidmodellingandthereforethis paperalsocoverstherequiredmathemati-
cal theoryof domains.

1 Intr oduction

CommercialCAD/CAM applicationsareusedroutinelyin many of today's design
andmanufacturingindustries.Althoughthey constituteoneof themostestablished
�elds in computingwith a largebaseof acceptedalgorithmsthereremainseveral
fundamentalproblemsin classicalcomputationalgeometryandsolid modelling.
Theseissuesstemfrom the requirementto model real world objectswhich can
have an in�nitely complex form. Existing algorithmsin computationalgeome-
try aredesignedandproved on theassumptionthatarbitraryrealnumberscanbe
computed,storedandcompared.This introducesa whole hostof arithmeticer-
rors when implementedon realisticmachineswhich use�oating-point (or �nite
precision)arithmetic.Thesearithmeticerrorscanmanifestthemselvesin eventhe
simplestof algorithmsandasa resultmany of today's applicationsaresuscepti-
ble not only to errorsin accuracy but alsoto logical inconsistenciesandcomplete
failures.

As atrivial exampleof how arithmeticerrorscanproducealgorithmicinconsis-
tenciesconsidera functionfor �nding theintersectionof two linesonaplane.The

� Individual StudyOptionsubmittedin part for theDegreeof Masterof Scienceat ImperialCol-
legeLondon.
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2 DOMAIN THEORY

resultis supposedlya point on theplanethat lies on bothof the two lines. How-
everwhenimplementedin �oating pointarithmeticsuchanalgorithmcanproduce
inconsistentresults. It is easyto �nd examplesfor which the distancebetween
thecalculatedintersectionpoint andeitherof thelinesis in factnon-zero.This is
inconsistentwith thede�nition of thefunction.

Much work asbeendoneto overcomeor compensatefor numericalinaccura-
cies[4, 5]. However, evenin modelsthatsupportsomeform of exactrealarithmetic
thereexiststhefundamentalissuethatcomparisonof realnumbersin undecidable.
Givena realnumberx it maynot bepossiblein �nite time to answerthequestion
“is x equalto 0?”. If we considerx asbeingtheresultof somecomputationthat
outputsits decimalexpansionthenthereis no �nite numberof decimalzerosthat
will tell usthatx is equalto 0. Comparisonof arbitraryrealnumbersis generally
undecidablewithout someform of heuristicsor rounding.Thesamething canbe
saidof themembershippredicateon any propersubsetof aEuclideanspace.Con-
sider, for example,theunit spherein R3 (3-dimensionalEuclideanspace)de�ned
by thesetof pointsf xj1 � jxjg. If a point x lies exactly on theboundaryof the
sphere(jxj = 1) it is not decidablein �nite time whetheror not x lies insidethe
object. As is discussedin moredetail later thesefunctionsarenon-continuousat
suchpointsand,asa result,many of the basicfunctionsandpredicatesusedin
computationgeometryarein factnon-computable.

Thereareseveralapproachesthathave beentakento tacklethesefundamental
issues.Oneapproachthatsidestepstheissueof realnumberarithmeticaltogether
is the useof voxels (volumeelements)to modelsolid objects. In this approach
the Euclideanspaceis split into �nite sizedcubes,or voxels, which areusedto
constructmorecomplex objects.While thismodeldoesnotsuffer from arithmetic
inaccuraciesor computabilityissuesit is �a wedin thatit is fundamentallyinaccu-
rate.Thedetailexpressiblein solidobjectsis strictly limited by thedimensionsof
thevoxels.

A morenovel approachto solvingtheseproblems,basedondomaintheory, has
beenproposedin [2]. This paperis presentedasanintroductionto domaintheory
andits novel applicationto computationalgeometryandsolidmodelling.Section2
is anintroductionto domaintheoryandandtherequiredmathematicalconcepts.In
Section4 thedomaintheoreticmodelof solidobjectsis describedandits important
propertiessuchascomputabilityof predicatesandoperationsareshown. We also
give detailsof a robustalgorithmfor computingtheconvex hull of a setof points
in thenew model. Finally, in Section6, we concludewith a summaryof current
proofsandalgorithmsdevelopedusingthis modelanda look at the potentialfor
furtherwork in thisarea.

2 Domain Theory

ThisSectionprovidesabrief introductionto thetheoryof domainswhich form the
basisfor thenew modelof computationalgeometrydescribedSection4. Domain
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2 DOMAIN THEORY 2.1 PartialOrders

theorygrew out of a needto capturethe behaviour of recursive andunbounded
programs.In particular, it is designedto model the �nite or approximatestages
of a computation. This hasled to valuabletheoriesaboutthe computabilityof
recursive functionsandcomputabilityin general.Domaintheoryrelieson a basic
knowledgeof settheorywhich is assumedin thissection.

2.1 Partial Orders

A partially orderedset(poset) is a setD with anassociatedorderingrelationgen-
erally denotedas v . We write this as the tuple (D ; v ). The orderingrelation
betweenelementsneednothold for all pairs,hencethetermpartial. In suchcases
we saythattwo elementsareincomparable.Theorderingrelationof a posetmust
bede�ned to have thefollowing properties:

1. re�exivity: 8x 2 D : x v x

2. anti-symmetry:8x; y 2 D : x v y andy v x =) x = y

3. transitivity: 8x; y; z 2 D : x v y andy v z =) x v z

In domaintheory, the orderingrelationon the setis calledinformationorder
andis usedto indicatethat if x v y thenx containslessinformation,or is less
meaningful,thany. If x v y we alsosaythatx is below y andthesetof all such
elementsaretheapproximatesof y.

As an example,the setof naturalnumbersandtheir normalorderingform a
partial order(N; � ). In this casewe actuallyhave a total orderasthe relationis
de�ned betweenall elementsof theset.We canvisualisea totally orderedsetasa
straightline anda partially orderedsetasgroupof treestructures.Figure1 shows
avisualisationof thenormalorderingover naturalnumbersanda secondexample
of a poset(N; v d) whereN is orderedby divisibility. In this casean integer is
consideredto containmoreinformationthanany of its factors. This is a partial
orderingin that therelationdoesnot hold betweenall elements.For example,the
numbers3 and5 arenot comparablein thesensethatneitherof themcontainsthe
otherasa factor.

An elementof a posetis saidto bemaximalif thereis no otherelementin the
setwhich is de�ned to be greater(in termsof the informationordering). Clearly
(N; � ) hasnomaximalelementssincefor any naturalnumberwecanalways�nd a
greaterelement(trivially, its successor)within theset.For thesamereasontheset
(N; v d) of naturalnumbersorderedby divisibility alsohasno maximalelements.

Any orderedsequenceof elementsfrom a posetformsa totally orderedsubset
calleda chain. Takingthecpo's in Figure1 asexamples,thesequence3 � 10 �
45 � 100is achainfrom (N; � ), and2 v d 4 v d 8 v d 24 is achainfrom (N; v d).
Of coursetherearein�nitely many chainsthatcanbeformedfrom thesesetsand
wecanform in�nitely longchains.
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2.2 CompletePartialOrders 2 DOMAIN THEORY
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Figure1: Theposetof N with thenormalordering,andtheposetof N orderedby
divisibility.

2.1.1 LeastUpper Bounds

Givena poset(D ; v ) anda subsetA � D , anelementx 2 D is anupperbound
for A if:

8y 2 A : y v x

In otherwords,anupperboundfor asubsetof D is any elementin D thatis greater
thaneachof theelementsof thatsubset.Clearlyif D hasasingleelementde�ned
to begreaterthanall theothersthenthis will beanupperboundfor anysubsetof
D .

If x is the leastelementof D that forms an upperboundfor A thenit is the
leastupperbound(lub) or suprememof A in D . Clearly, asv is anti-symmetric,
therecanonly bea singlelub for any A � D . We denotetheleastupperboundof
A as

F
A.

In termsof informationwe can think of the lub of a chain or subsetas the
convergenceof a calculationtowardssome�x edvalue. Of coursetherecanexist
unboundedchainsthatdo not converge in this way andhave no lub. For example,
considerthein�nite chain1 � 2 � 3 � : : : from (N; � ).

2.2 CompletePartial Orders

A completepartialorder(cpo)is a poset(D ; v ) in which every chainA � D has
a lub within the setD . For �nite setsthis propertyalwaysholdssinceall chains
will be�nite andthelub of a �nite chainis exactly its greatestelement.

The other de�ning propertyof a cpo is that it must containa least element
which containslessinformationthanany otherin theset. We use? to represent
the leastelementand? D to meanthe leastelement,or bottom, of D . We saythe
leastelementcontainstheleastamountof information(or no informationatall) as
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2 DOMAIN THEORY 2.3 DirectedCompleteposets

it is anapproximateto every elementin theset.Becausecpo's arede�ned to have
suchabottomelementwe canvisualisethemastreesrootedat thiselement.

10

00 01 10 11

111000 001 110

Figure2: Thebeginningof thecpo formedfrom thesetof all stringsover f 0; 1g
orderedby pre�x inclusion.

Figure2 depictsthebeginning(thelowestelements)of anin�nite cpoformed
by thesetof all �nite andin�nite stringsover thealphabetf 0; 1g orderedby pre-
�x inclusion. Herea stringcontainsmoreinformationthananotherif it contains
the latterasa pre�x. Alternatively a string is approximatedby all of its pre�xes.
Themaximalelementsof this cpoarethein�nite stringsandclearlyall chainsare
boundedby these.Thebottomelementof this cpois theemptystring" which is a
pre�x of any andall strings.We refer to cpo's asdomains. For example,this cpo
mightbecalledthe“domainof pre�xes” or the“domainof stringsover f 0; 1g”.

Althoughboththeposetsshown in Figure1 have a leastelement(thenumber
1), they arenotcompletein thatthey bothcontainchainsthatdonothavealub (are
unbounded)within theset.Taking(N; � ), thereis nonaturalnumberthatis greater
thanevery otherso the in�nite chainof naturalnumbershasno boundwithin N.
By including 1 in the seta cpo could be formedas1 would be the lub of any
suchin�nite chain.

2.3 Dir ectedCompleteposets

A non-emptysubsetA � D is calleda directedsubsetif for all x; y 2 A there
existsz 2 A suchthatx v z andy v z. For a �nite subsetthis meansthat there
existsa singlemaximalelementwithin A which is greaterthanall others.If A is
in�nite it meansthatwe canalways�nd anelementgreaterthanany �nite subset
of A.

A directedcompletepartial order (dcpo) is a posetin which every directed
subsethasa lub within theset.A chainis totally orderedsubsetwhich is a special
caseof a directedsubset.Thusany dcpowith a bottomelementwill bea cpo,as
all chainsin adcpowill, by de�nition, have a lub.
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2.4 FlatDomains 2 DOMAIN THEORY

2.4 Flat Domains

Given any unorderedset it is trivial to constructa cpo from it by addinga new
bottomelement(? ) andde�ning the informationordersuchthat ? is below all
elementsin the set and other elementsare incomparable. The resultingcpo is
calleda �at domainor the lift of a set. Startingwith a setD we write the lift as
D? = D [ f?g which formsthe�at domain(D ? ; v ).

This is usefulasit meansthatany setor structurecanbeconsideredacpo.For
example,Figure3 shows the�at domainN? formedby thesetof naturalnumbers.
Herethebottomelementrepresentsan approximationto all thenaturalnumbers.
In termsof a computationwe say that the bottomelementrepresentsthe partial
calculationwhose�nal resultcouldbeany naturalnumber.

: : :21 3 : : : n

?

Figure3: The�at domainformedby takingthelift of N.

2.5 ContinuousDomains

For elementsof a dcpowe de�ne a secondrelation� calledway-belowwhich is
strongerthanv . An elementa is way-below b if in every directedsubsetA for
which b v

F
A thereexistsanelementc 2 A suchthata v c. This is written as

a � b andmeansthata is a �nitary approximationto b. If thereexistsa directed
subsetwhoselub isgreaterthanbthenthatsubsetwill containsomeelementgreater
thana.

A subsetB of a domainD formsa basisfor thatdomainif for every element
x 2 D the set of elementsy 2 B for which y � x forms a directedsubset
whoselub is x. Intuitively this meansthat from B we can�nd a directedsubset
thatconvergesto any elementin D . Speci�cally thesetof elementsin B that lie
way-below x.

An ! -continuousdomainis adcpothathasacountablebasis.Thedomainswe
haveseensofar, suchasthevariousorderingsoverN areall ! -continuous.Clearly
with any domainof N wehavethetrivial countablebasiswhichis N itself. Toshow
that domainsover uncountablesetsare! -continuouswe mustshow that thereis
somecountablesubsetfrom which we can`generate'(asthelub of somechainof
basiselements)all elementsin theuncountableset.

We saythat an ! -continuousdomainis effectivelygivenif thereexists some
effective enumerationof basiselementsof thedomainandfor every pair (b1; b2)
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3 THE DOMAIN OFREAL NUMBERS 2.6 FunctionsoverCPOs

of basiselementswe can decidein �nite time whetherb1 � b2. An effective
enumerationof a basisB is given by a total function b : N ! B that given a
naturalnumbern will generate,in �nite time, the nth elementof the basis. We
write thei th basiselementasb(i ) or simplybi .

We saythat an elementx of an ! -continuousdomainis computableif there
exists an effectivesequenceof basiselementsthat hasx as its lub. By effective
wemeanthatthereexistsa total recursive functionthatgeneratesthis sequenceof
basiselements.For exampleanelementx is computablewith respectto basisB if
thereexistsa total recursive function� : N ! N suchthatx =

F
n2 ! b� (n) where

bi is thei th elementof thebasis.

2.6 Functionsover CPOs

Muchof theuseof domaintheorycomesfrom consideringfunctionsoverdomains
andsetsof suchfunctionsasdomains.

A functionovercpo's takeselementsof onecpoandmapsthemto elementsof
another. We write this asf : D ! E , whereD andE arecpo's. An important
classof suchfunctionsarethosethatarecontinuous. This is not beconfusedwith
the notion of a continuousdomainwhich wasintroducedpreviously. A function
betweencpo's is continuousif themappingpreservestheinformationorderingand
alsothelubsof chains.Formallythesepropertiescanbeexpressedasfollows. Here
weusef [A] to denotef f (x)jx 2 Ag thesetof all elementsof A underfunctionf .

� For all x; y 2 D ; x v y =) f (x) v f (y)

� For all chainsA � D , f [A] is achainin E andf (
F

A) =
F

f [A]

An importantresultin thetheoryof computingisScott'sthesiswhichstatesthat
all computablefunctionsarecontinuous.Converselyany non-continuousfunction
is notcomputable.Also directlyrelatedis the�x edpoint theoremwhichstatesthat
all continuousfunctionshave acanonicalleast�x edpoint.

3 The Domain of RealNumbers

In Section2 severalexamplesweregivenof domainsover �nite or countablyin�-
nitesetssuchasN. Herewedescribeadomainthatmodelsanuncountablyin�nite
setR. Thisdomaintheoreticapproachto realnumbersis thebasisof themodelfor
solidobjectsgivenin thefollowing section.

We canconstructa domainof real intervalswhich we call (I R; v ). Thenon-
bottomelementsof this setareboundedclosedintervalson therealline whichwe
write as[a;b] = f xja � x � bg. Theseelementsareorderedby reverseinclusion
so that a large interval is an approximationto all the smallerintervals contained
within it. Converselya small interval representsa re�nement of its containing
intervals.Formally this relationbetweenintervals is de�ned asfollows:

[a1; b1] v [a2; b2] ( ) [a1; b1] � [a2; b2]

7



3 THE DOMAIN OFREAL NUMBERS

A chainin I R thethereforea shrinkingsequenceof nestedintervals. Thebottom
of thedomainis theinterval thatcontainsall otherintervals,namelytheentireset
of realsR. Thelub of a chain[ai ; bi ]i 2 n of n elementsis givenby theintersection
of theintervals in thechains:

G

i 2 n

[ai ; bi ] =
\

i 2 n

[ai ; bi ]

Sincethesetof closedintervals areclosedunderarbitraryintersectionthe lub of
any chain is in I R meaningthat every chainhasa lub and therefore(I R; v ) is
a cpo. The maximalelementsof the domainrepresentsingletonreal numbersof
the form [x; x] = f xg which have no non-emptysubsets.We canthink of any
chainof intervalsasanincreasingaccurateapproximationto oneof thesemaximal
elements.

? = R

SingletonReals

(a)Representationof theI R domain.

x

(b) A chainin I R.

Figure4: TheI R domain.

Theleft handsideof Figure3 showsarepresentationof theI R domainstarting
with the bottomelementand increasingto the singletonmaximalelements.On
theright is a sequenceof intervalsapproximating,or converging to, a realnumber
x 2 R.

This ideaof embeddinganuncountablesetsuchasR at thetop of adomainis
importantasit introducesthenotionof partially computed,impreciseor approxi-
mateelementsof R. It alsoallows us to de�ne the conceptof a computablereal
number. ClearlythesetI R is uncountable.However, wecanshow thatthedomain
is ! -continuousby giving a countablebasisfor I R. Onesuchcountablebasisis
thesetof closedrationalintervalsI Q. For any interval x 2 I R thereexistsachain
A � I Q suchthatx =

F
A. Any realinterval canbeapproximatedby ashrinking

sequenceof rationalintervalsin thesamewaythatany realnumbercanbeapprox-
imatedby a sequenceof rationalnumbers(converging from below or above). It is
clearthattheI Q is countablein thesamewaythatrationalnumbersthemselvesare
countable.This meansthat thedomain(I R; v ) is ! -continuous,andusingI Q as
abasis,it canbegiveneffective structure.
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4 PARTIAL SOLIDS

In this context we saythata realnumberx is computableif thereexistsa total
recursive functionthatgeneratesa chainin I Q whoselub is x. That is to saythat
thereexistsa function � : N ! N suchthat x =

F
n2 ! b� (n) wherebi is the i th

rationalinterval.

4 Partial Solids

Thereareseveral existing approachesto modellingrigid solid objects.The most
commontechniquesinvolve boundaryrepresentationswheresolid objectsarede-
scribedby thepoints,lines,andfaces(polyhedra)thatseparatetheir interior from
their exterior. We saw in Section1 how theseexisting modelscanleadto algo-
rithmswhichareinaccurateandnon-robust.

This sectiondescribesa new domain-theoreticmodelfor representingabstract
solid objects.Thenew model,describedin [2], is intendedto allow thedevelop-
mentof robustalgorithmsfor computationalgeometry. Therequirementof thenew
model,asstatedin [2], areasfollowing:

1. thenotionof computabilityof solidshasto bewell de�ned.

2. themodelhasto re�ect theobservablepropertiesof realsolids.

3. it hasto be closedunderbooleanoperationsand all basicpredicatesand
operationshave to becomputable.

4. non-regularsetshave to becapturedby themodelaswell asregularsolids.

5. themodelhasto supportadesignmethodologyfor actualrobustalgorithms.

Usingthedomaintheoryintroducedin theprevioussectionit canbeshown thatthe
basicpredicatesandoperationonsolidobjectsarecontinuouswheretheircounter-
partsin theclassicalmodelarenot. Many of thetheoremsin thissectionaretaken
directly from [2] wherefull proofsareprovided.

4.1 TopologicalSpaces

In orderto describepropertiesof thedomaintheoreticmodelfor rigid solidsbasic
understandingof topologiesis required.

A topologyon a setis a collectionof subsetswhich arecalledthe opensets.
Opensetshave the propertythat they areclosedunder�nite intersectionandar-
bitrary union. For the purposesof this report we consideronly the Euclidean
topologyfor Rd. The Euclideantopologyfor R1 is given by the union of open
intervalsof R. Openintervalsarethosethatdo not containtheir limit pointsand,
conversely, closedsetscontainall their limit points. In R we write openintervals
in roundbrackets(e.g. (0; 1) = f xj0 < x < 1g) andclosedintervals in square
brackets(e.g. [0; 1] = f xj0 � x � 1g). It is possiblefor an interval, andmore
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4.2 TheDomainof SolidObjects 4 PARTIAL SOLIDS

generallya subset,to beneitheropennor closed.For exampletheinterval [0; 1) is
closedat oneandandopenat theother.

For R2 theEuclideantopologyis givenby thesetof all opendisksandfor R3

thesetof all openballs. As with R1 theseopensubsetsdo not includetheir limit
points.Conversely, closeddisksandclosedballsdo includeall their limit points.

The following conceptsare neededfor reasoningabout subsetswithin Eu-
clideanspace:

� Complement: The complementof an opensetis closedandthe comple-
mentof a closedsetis open.Wewrite thecomplementof asetA asA c.

� Closure: Theclosureof asetis its smallestclosedsuperset.In otherwords
it is the set itself plus all its boundarypoints. By de�nition the closureof
any setis aclosedset.Wewrite theclosureof asetA asA.

� Boundary: Theboundaryof a setA is thesetof all pointsthatarein both
the closureof A andtheclosureof its complement(A c). Alternatively the
boundaryis thesetof all pointsx 2 X for whichevery neighbourhoodof x
intersectsbothA andAc. Theboundaryof a setA is written as@A. Since
a closedsetcontainsall its boundaryelementstheclosureof a closedsetis
thesetitself.

� Interior: TheinteriorA � of asubsetA of atopologicalspaceis theunionof
all opensetscontainedin A. Alternatively theinterior of a setis thelargest
opensetcontainedwithin it. Theinterior of anopensetis thereforetheset
itself, andtheinteriorof any setis open.

� Regular Set: An opensetis regular if it is theinterior of its closure.Con-
verselya closedset is regular if it is the closureof its interior. Intuitively
regularsetsaresetsin which all of theboundaryelementstouchsomepart
of theinterior. Non-regularsets(in Rd) arethosethatcontaindanglingedges
or danglingfacesthatconsistonly of boundaryelements.Takingtheinterior
of thesesetseffectively removes thesedanglingcomponentsfrom the set.
Examplesof non-regularsetsin R2 andR3 areshown in Figure5.

� BoundedSet: A boundedsubsetof a metricspaceis onethathasa �nite
diameter. For example,a boundedsubsetof R3 is onethatcanbecontained
within some�nite ball.

4.2 The Domain of Solid Objects

In this modelsolid objectsare representedas partial solidswhich areelements
of the setSRd the setof partial solids in d-dimensionalEuclideanspace.Since
practicalapplicationsin computationalgeometryinvolvesolidobjectsin Euclidean
spacewe will limit our descriptionto this topology. This restrictionmakesmany
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Figure5: Examplesof non-regularsetsin R2 andR3.

of theconceptsmoreintuitive andsimpli�es many of theproofs. However, many
of thetechniquesapplyto amoregeneralclassof topologiesnot relevanthere.

In classicalmodelssolidobjectsarede�nedassomesubsetof Euclideanspace.
For real world objectthis meansR3. In Section1 it wasnotedthat themember-
ship predicatefor any non-trivial subsetof Rd is non-continuousand therefore
non-computable.We cannow show why this is the case.Considerthe classical
membershippredicatefor a subsetA of Rd which mapsa pointsin Rd to eithertt
or � .

x 2 A =

(
tt if x 2 A

� if x 62A

Firstnotethatmembershipof anopensetis semi-decidable. Thismeansthatif x is
in A wewill beableto verify this in �nite time. Consideraprogramthatgenerates
x with increasingaccuracy. For R2 wecanconsiderashrinkingsequenceof planar
rectanglesthatconvergeto x. If A is openandx is in A theneventually, aftersome
�nite numberof steps,therectanglethatapproximatesx will lie completelywithin
A.

For pointson the boundaryof a closedsethowever, membershipwill not be
decidable.If A is closedandx lieson theboundaryof A thenthereis norectangle
approximatingx that will lie totally inside A. Any rectangleapproximatingx
forms a neighbourhoodof x andby de�nition, all neighbourhoodsof boundary
elementsintersectbothA andits complement.

Now noticethat if A is openthenits complementis closedandthatx 62A is
equivalent to x 2 Ac. This meansthat even for opensetsthe classicalmember-
ship predicateis only semi-decidableandthereforenot computable.In fact, the
predicateis non-continuousfor all pointsin @A, theboundaryof A.

To createamembershippredicatethatis continuouswemustacknowledgethat
membershipis undecidablefor points in @A. The membershippredicatecanbe
rede�nedto mapelementto f tt ; � g? , thethreeelementdomainformedby taking
thelift of f tt ; � g. Elementsin theinterior of A aremappedto tt , elementsin the
interiorof its complementaremappedto � andall otherelementsaremappedto ? .
Here? is usedto mean“don't know” which capturestheessentialundecidability
of the membershippredicatefor elementsof the boundaryof a propersubsetof
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4.2 TheDomainof SolidObjects 4 PARTIAL SOLIDS

Euclideanspace.This new continuousmembershippredicate2 0canbewritten as
follows:

x 20 A =

8
><

>:

tt if x 2 A �

� if x 2 Ac�

? otherwise

SinceA � andAc� are,by de�nition, opensetsthenmembershipof eitheris semi-
decidable.Pointson theboundaryof A (in neitherA � norAc� ) will bemappedto
? . In this context we canthink of A � asbeingthe interior of a solid andA c� as
beingtheexterior. @A representstheunobservablespacebetweenthem.

The ideathat a solid is describedby two opensetsthat representits interior
andexterior givesrise to thede�nition of a partial solid. A partial solid is made
up of two disjoint opensetsof Rd. Elementsof SRd, thesetof partialsolids,are
written as(I ; E ) with I \ E = ; . Pointsin thesetI representthe interior of the
objectandpointsin E representtheexterior. Pointsthatareneitherin theinterior
or exterior representasyet unde�nedpartsof the solid. This givesus the notion
of partiallyde�ned or incompletesolidobjectsthatis importantin thismodel.The
continuousmembershippredicate,� 2 0 � : Rd � SRd ! f tt ; � g? , for partial
solidsis de�ned asfollows:

x 20 (I ; E ) =

8
><

>:

tt if x 2 I

� if x 2 E

? otherwise

ThepartialorderingoverSRd givesriseto thedomainof partialsolids(SRd; v
). Theorderingrelationis de�ned by component-wiseinclusion:

(I 1; E1) v (I 2; E2) ( ) I 1 � I 2 and E1 � E2

Intuitively thismakessense.As weincreasetheinterioror exteriorof anobjectwe
havemoreinformationabouttheobject,or ratherwhichpointslie insideor outside
theobject. This resultsin a cpowhosebottomelement,the leastspeci�c solid, is
(; ; ; ) andwhosemaximalelementsrepresentfully describedobjects.To show that
it is a cpoit mustbeshown thatany chainin (SRd; v ) hasa lub within theset. If
wetakeanarbitrarychainof n elementsf (I i ; E i ) : : : (I n ; En )g thelub of thechain
is givenby: G

i 2 n

(I i ; E i ) = (
[

i 2 n

I i ;
[

i 2 n

E i )

Sincetheopensetsareclosedunderunionweknow thatthat
S

i 2 n I i and
S

i 2 n E i

areopen,andthereforelub (
S

i 2 n I i ;
S

i 2 n E i ) of thechainis in SRd.
Figure6showsachainof threepartialsolidsfromSR2: (A1; B1) v (A2; B2) v

(A3; B3). Herethe threeseparate�gures show increasinglyaccurateapproxima-
tions to the shapeoutlined. At eachstagein the chainthe sizeof the interior or
exterior increases.

12



4 PARTIAL SOLIDS 4.3 PartialPoints
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Figure6: A chainto from SR2.

Themaximalelementsof (SRd; v ) representidealised,ormaximallydescribed,
solid objectsandthey have several importantproperties.If (I ; E ) is maximalin
(SRd; v ) thenwe know thatI = E c� andE = I c� . If this werenot thecasethen
oneor the otherof themcould be increased(while remainingdisjoint) to form a
greaterelement.This also implies that for maximalelementsI [ E = Rd. No
pointsexists that arenot in the eitherclosureof I or closureof E . Elementsof
SRd thathave this propertywe call classicalsolid becausethey representpairsof
opensetsthat,onceclosed,completelypartitiontheEuclideanspace,asis thecase
in theclassicalmodelsfor geometricsolids.Finally, it hasbeenshown thatfor all
maximalelementsof SRd the setsI andE areboth regular. This follows from
the fact that I = E c� is the interior of a closedset(E c) is, therefore,regular. So
althoughnon-regularsolidsexists in SRd all themaximalelementsareregular. It
is alsothecasethatfor any regularopensetA thereis acorrespondingpartialsolid
(A; Ac� ) which is maximal.

Not all classicalsolids (I [ E = Rd) aremaximalwithin the SRd domain.
Therearenon-regular solidswhich have this propertybut arenot maximalwith
respectthe informationordering. For example,considera non-regular classical
solid. We can remove the `danglingedges'from its interior I which allows us
to increasethe exterior E andcreatea new regularisedsolid which is greaterin
termsof theordering. So all maximalelementsrepresentclassicalregular solids
but non-regularclassicalsolidsarealsorepresentedwith thedomain.

4.3 Partial Points

In Section3 thedomainof real intervals I R1 wasgiven. In this domainrealnum-
bersthemselvesarerepresentedasmaximalelements.Wecanextentthisnotionto
d dimensionsto form a moregeneralinterval domainI Rd. Non-bottomelements
of I Rd areclosedboundedd-rectanglesin Rd orderedby reverseinclusion.Thisal-
lowsusto modelany point in Rd asthelub of ashrinkingsequenceof d-rectangles.
As with I R, thebottomof thisdomainis theentirespaceRd. For d = a chainis a
shrinkingsequenceof nestedrectangleswhichconvergeto apointontheR2 plane.
Likewisefor d = 3 achainis ashrinkingsequenceof cubesapproximatingapoint

13



4.4 BasicOperationson PartialSolids 4 PARTIAL SOLIDS

in R3. The ideais that we canrepresentinaccurateor partially computedpoints
usingelementsof I Rd. For examplethe inaccuracy of measurementdevicesor
humaninput canbemodelledin thisway.

In the sameway that the setof rational intervals forms a basisfor the inter-
val domainwe canused-rectangleswith rationalverticesasa countablebasisfor
thesetI Rd. Any rectanglein I Rd canbe expressedasthe lub of a shrinkingse-
quenceof rationalrectanglesfrom I Qd. ThesetI Qd is countableaseachelement
is representedas2d rationalvertices.

A partialpoint x 2 I Rd is computableif thereexistsa total recursive function
thatgeneratesasequenceof rationalpartialpointsfrom I Qd with lub x.

4.4 BasicOperationson Partial Solids

In this sectionwe look at somebasicpredicatesandfunctionsover thedomainof
partialsolids.Unlike their classicalcounterparts,theseoperationsareshown to be
continuous.

4.4.1 The Membership Predicate

To form the continuousmembershippredicatea bottomelementwasintroduced
to theoutputdomainof theclassicmembershippredicate.This gave a continuous
predicate� 2 � : Rd � SRd ! f tt ; � g? whichhasalreadybeengiven.

We canextendthis predicateto operateon the domainof partial pointsI Rd.
For anelementP 2 I Rd wehave:

P 2 (I ; E ) =

8
><

>:

tt if P � I

� if P � E

? otherwise

Herea partial point is a memberof a partial solid if it is completelycontained
within the interior. Likewise the point is outsidetheobjectif it is completecon-
tainedwithin theobject's exterior. Otherwise,we saythat its membershipof P is
unde�nedat aparticularstageof computation.

4.4.2 Complement

The continuousmembershippredicateon a partial solid de�nes its structurein
termsof f tt ; � g? . Inverting the truth valuesgivesa naturalnotion of the com-
plementof a solid, i.e. pointsin the interior andexterior areswapped.Therefore
we de�ne thecomplementoperatoron a partialsolid (I ; E ) to be(E; I ). Clearly,
(E ; I ) is alsoin SRd astherestrictionthatI andE areopenanddisjointstill holds.
This givesusacontinuouscomplementoperator:: : SRd ! SRd.

14



4 PARTIAL SOLIDS 4.5 Computabilityof PartialSolids

4.4.3 Union and Intersection

Forbooleanoperationsonpartialsolidssuchasunionandintersectionwecanagain
usethe fact that the partial solidsaredescribedby their continuousmembership
predicate.Wecande�ne membershipof theoutputsolidbasedon themembership
of thetwo inputs. Table1 shows themembershipof thebooleanunionandinter-

[ tt � ?
tt tt tt tt
� tt � ?
? tt ? ?

(a)Union

\ tt � ?
tt tt � ?
� � � �
? ? � ?

(b) Intersection

Table1: Truth tablesfor booleanunionandintersectionin SRd

sectionoperationbasedon themembershipof theinput solids.Usingthesetables
thebooleanfunctions� [ � : SRd � SRd ! SRd and� \ � : SRd � SRd ! SRd

arede�ned asfollows:

(I 1; E1) [ (I 2; E2) = (I 1 [ I 2; E1 \ E2)

(I 1; E1) \ (I 2; E2) = (I 1 \ I 2; E1 [ E2)

4.5 Computability of Partial Solids

Although we have seenthat the basicfunctionsand predicateson partial solids
arecontinuouswe would like to ableto reasonaboutthe computabilityof SRd.
Continuity is a necessaryconditionfor a function to be computablebut it is not
suf�cient. Wewantto beableto de�ne thenotionof acomputablepartialsolid. To
do this we give aneffectivestructure for SRd. We have alreadyseenin Section2
that it is possibleto give effective structureto the interval domainI R using the
rationalintervalsI Q asabasis.Hereweconstructasimilarbasisfor SRd.

First we show thatSRd is an ! -continuousdomain.Therearemany different
waysto constructacountablebasisfor SRd. Oneintuitivemethodusesopenratio-
nalpolyhedraasabasisfor opensetsin Rd. An openrationalpolyhedrade�nesan
opensubsetof Rd usingpolyhedrawith rationalvertices.Liketherationalnumbers
themselves the setof all suchpolyhedraRP is countableandcomputable.This
meansthatwecanconstructa functionb : N ! RP thatgivenanaturalnumbern
will returnin �nite time thentheopenrationalpolyhedra.

We constructthe domainof partial rational polyhedra SQd consistingof el-
ementsof the form (I ; E) whereI and E aredisjoint openrationalpolyhedra.
ClearlySQd is a strict subsetof SRd. This canbe seenby the fact that all open
rationalpolyhedraare,by de�nition, opensetsin Rd andthereforeadisjointpairof
openrationalpolyhedraform anelementof SRd. Now wecanseehow SQd forms
a basisof SRd. Any partialsolid canbegivenasthe lub of somechainof partial

15



5 COMPUTABLE CONVEX HULL
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Figure7: RationalPolyhedrain SR2.

rationalpolyhedra.Intuitively partialrationalpolyhedraapproximatepartialsolids
andwe canconstructa, possiblyin�nite, chainof increasinglymoreaccurateap-
proximationsthat tendto a particularpartial solid. Figure7 shows anelementof
SQ2 which liesway-below theclassicalshapeoutlined.

We saythata partialsolid (I ; E ) is computableif thereexistsa total recursive
functionthatgeneratesachainof basiselementswhichhasa lub of exactly (I ; E ).
Givenaneffective functionb : N ! B thatenumeratesbasiselementswecangen-
eratethei th basiselementbi . A partialsolid (I ; E ) is computableif thereexistsa
totalrecursivefunctionf : N ! N suchare(I ; E ) =

F
i 2 ! bf (i ) . Thisis equivalent

to saying(I ; E ) = (
S

i 2 ! � 1(bf (i ) );
S

i 2 ! � 2(bf (i ) )) , wherebi = (� 1(bi ); � 2(bi )) .

Operationson partialsolidsarecomputablewith respectto aneffective struc-
tureif they take computablesequencesof elementsto computablesequences.The
operationsgiven thusfar (membership,complement,intersectionandunion) are
all computablewith respectto any effective enumerationof the partial rational
polyhedraSQd.

5 ComputableConvexHull

Classicalconvex hull algorithmsaresusceptibleto errorswhenimplementedusing
�oating point arithmetic. As we saw in Section1, theseerrorscan lead to the
completefailureof thealgorithmto produceevenacandidateconvex hull (aclosed
polyhedra).Herewegiveaneffectiveandcomputableconvex hull algorithmbased
on thedomaintheoreticmodelof geometrydescribedin Section4. For illustrative
purposeswe describethe algorithm for computingthe hull on points in the R2

plane,althoughthis methodhasbeenprovedfor arbitrarydimensionsin [3].
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5 COMPUTABLE CONVEX HULL 5.1 ThePartialConvex Hull

5.1 The Partial ConvexHull

In thismodeltheconvex hull computationtakesasetof n partialpoints(rectangles
from I R2) andcomputestheir convex hull asapartialsolid in SR2:

Cn : (I R2)n ! SR2

At eachstagein thecomputation,measurementor re�nementof thepartialpoints
wecalculateincreasinglymoreaccurateapproximationsto theinteriorandexterior
of their convex hull. The ideais that in the limit, asthe partial pointsapproach
classicalpointsCn approachestheclassicalsolid representingtheconvex hull of
the n points. Rememberthat a classicalsolid in R2 a partial solid (I ; E ) with
I [ E = R2.

Figure8 shows asetof partialpointsin R2. Eachpoint is shown asarectangle
containingthepoint thatit will eventuallybere�ned to.

Figure8: A setof partialpointsin I R2.

Thealgorithmfor Cn makesuseof theclassicalconvex hull algorithmwhich
takes a set of points in R2 to a closedcompactsubsetof R2 representingtheir
convex hull. If C(R2) is thesetof all closedboundedsubsetsof R2 we write the
classicalconvex hull asthemap:

Hn : (R2)n ! C(R2)

As statedearlier, H n is not a generallyrobust algorithmwhen implementedon
realisticmachinesusingrealnumberinputs.However, wecanimplementit reliably
on a subsetof pointsfor which thecomparisonoperatoris decidable.In this case
wewill seethatit is possibleto computethepartialconvex hull usingonly rational
inputs(pointsin Q2) to Hn .

Thepartialconvex hull functionCn takesa setof n rectanglesf R1; : : : ; Rng
to a partial solid of the form (I ; E). For clarity we expressCn in termsof two

17



5.2 An Effective Algorithm for Cn 5 COMPUTABLE CONVEX HULL

separatefunctionsfor calculatingI n , theinteriorhull, andEn , theexteriorhull.

Cn (R1; : : : ; Rn ) = (I n (R1; : : : ; Rn ); En (R1; : : : ; Rn ))

Eachof theseRi rectanglesis madeup of four verticesin R2 which we canlabel
clockwisefrom thetopleft asR1

i ; R2
i ; R3

i andR4
i . Thesetof all n-tuplesof vertices

takenonefrom eachrectanglewe denoteasP(R1; : : : ; Rn ). Eachrectanglehas4
verticessoP(R1; : : : ; Rn ) will containatotalof 4n vertex tuples.Theinteriorand
exterior of thesolid arecomputedby the following mapswhich take thesetof n
rectanglestheinteriorandexteriorof their convex hull:

I n (R1; : : : ; Rn ) = (
\

p2P (R1 ;:::;Rn )

Hn (p)) �

En (R1; : : : ; Rn ) = (
[

p2P (R1 ;:::;Rn )

Hn (p))c

This de�nes the interior of the hull to be the intersectionof all the possible
hulls formedby n-tuplesof verticesselectedonefrom eachrectangle.Because
the intersectionis taken it is clear that however the partial pointsarere�ned the
pointsin I arede�nitely within theirhull. SinceH n takespointsto aclosedsetthe
intersectionwill bea closedandwe thereforetake the interior of the intersection
asthe opensetI . This representsthe largestpossibleopensetof pointsthat are
de�nitely within theconvex hull of then points.

ForEn , thepartialhull'sexterior, wetaketheunionof all thehullsformedfrom
all n-tuplesof verticesandthentake thecomplementof thisunion.Effectively we
computethepointsthatlie within oneof thepossiblehullsandtakethecomplement
to bethesetof pointswhichcannotlie in any of them.If apointdoesnot lie within
any possiblehull thenhowever the partial pointsarere�ned they will alwayslie
outsidetheresultinghull. Sincetheunionof thehullsis aclosedsetitscomplement
will beopen.Thereforewesimply take thisastheopenexteriorof thepartialhull.

The result is two disjoint opensetsthat form a partial solid. At any stage
of computationtherewill be pointswhosemembershipof the convex hull is not
known. Thesepoints,which aremappedto ? by themembershippredicate,could
lie in eitherexterioror interior, dependingon how thepartialpointsarere�ned.

5.2 An Effective Algorithm for Cn

Thepartialhull algorithmgiventhusfar relieson classicalhull algorithmH n . As
shown in [2] this is not robustfor arbitrarypointsin R2 asit reliesnon-computable
operations,speci�cally theof comparisonrealnumbers.We saw in Section4 that
I Q (or I D) formsa basisfor I R. To implementaneffective algorithmfor Cn we
limit its input domainto rational rectanglesfrom I Q2 and in doing so limit the
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5 COMPUTABLE CONVEX HULL 5.2 An Effective Algorithm for Cn

useof Hn to purelyrationalnumbersfor which it is robustandeffective. We can
alsoreducethecomplexity of thecalculationsof I n andEn by rede�ning themas
follows:

I n (R1; : : : ; Rn ) = (
4\

j =1

Hn(R j
1; : : : ; R j

n )) �

En (R1; : : : ; Rn ) = (H4n (R1
1; R2

1; R3
1; R4

1; : : : ; R1
n ; R2

n ; R3
n ; R4

n ))c

Thesefunctionshave beenshown to be equivalent to the de�nitions of of I n

andEn given previously. The exterior is computedby taking the classicalhull
of all verticesfrom all rectangles.This is equivalentto theunionof all thehulls
formedby elementsof P(R1; : : : ; Rn ). The left-handsideof Figure9 shows the
closedsetformedfrom taking thehull of all pointsin all rectangles.We take the
complementof thisastheexteriorof thepartialhull.

(a)Calculatingthehull exterior (b) Calculatingthehull interior

Figure9: Convex hull of partialpointsin I R2.

For theinteriorwecantaketheintersectionof justthe4 hullsformedby joining
the respective cornersof eachrectangle. The intersectionof thesefour hulls is
equivalentto theintersectionof all hulls formedfrom elementsof P(R1; : : : ; Rn ).
On the right-handsideof Figure9 we canseehow the intersectionof thesefour
hulls form the interior of the partial hull. In this diagrameachof the 4 hulls is
drawn usingis differentstyleof line. Pointsinsideall of thesefour hulls form the
interiorof thepartialhull.

Finally, Figure10showstheconvergenceof thepartialhull asthepartialpoints
converge to points in R2. In this diagramthe interior andexterior of the partial
hull (calculatedas using either of the two equivalent algorithms)are shown as
solid lines. As thepartialpointsarere�ned on theright-handdiagramwe cansee
how the interior andexterior converge. Becauseonly rationalverticesareusedas
inputsto H n , the classicalhull algorithm,it is possibleto implementthe partial
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6 CONCLUSION

hull algorithmsuchthat it is robust. It is alsocomputablein that it will producea
computablepartialsolid from computableinputs.Moreover it hasbeenshown this
algorithm,for dimensionalitylessthan4, hasa time complexity of O(N logN ) in
thenumberof vertices.

Figure10: Convergenceof thepartialhull.

6 Conclusion

This reporthasbeena summaryanddiscussionof a domaintheoreticapproach
to solid modellingandcomputationalgeometry. Themodelwasmotivatedby the
fundamentalissuesof non-computabilityand numericalinaccuracy that are not
addressedin classicalmodels. In practice,industrialapplicationsandalgorithms
tendto employ ad-hocheuristicsto produceconsistentandreliableresults.This is
not a generalor well-de�ned solution. For situationsthatdemandrobustnessand
well-de�ned notionsof computabilityandaccuracy a new approachis required.
With this in mind, the model discussedin this paperde�nes a completelynew
basisfor generatingandproving algorithmsin computationalgeometry. Thenew
modelwasdesignedto meet5 speci�c goals.

1. thenotionof computabilityof solidshasto bewell de�ned.

2. themodelhasto re�ect theobservablepropertiesof realsolids.

3. it hasto be closedunderbooleanoperationsand all basicpredicatesand
operationshave to becomputable.

4. non-regularsetshave to becapturedby themodelaswell asregularsolids.

5. themodelhasto supportadesignmethodologyfor actualrobustalgorithms.

Herewesummarisehow thesegoalsareaddressedandhow work might in thisarea
mightprogress.

20



REFERENCES REFERENCES

Sincesolidobjectsaremodelledby elementsof thesoliddomainthenotionof
computabilityof solidscanhasbeenclearly de�ned in a domaintheoreticsense
by the effective structureto the SRd domain. A solid is computableif it is the
lub of an effectively given chainof basiselements.In otherwordsthereexists a
total recursive functionwhich generatessucha chain. In thesolid domaintheset
of partial rationalpolyhedraformsa suitablebasis.This notion of computability
satis�esthe�rst requirementof thenew model.

Many of thebasicoperationson partial solidshave beenshown to be contin-
uousand computable.Computabilityof functionsmeaningthat they take com-
putablesequencesof elementsto computablesequences.Themembershippredi-
cateandthebinaryunionandintersectionfunctionswerediscussedin this report
but otheroperationssuchasthe Minkowski sumof two partial solidsareproved
in [2].

Severalalgorithmshave alreadybeendevelopedusingthis model. In this re-
port anoutlineof a computableconvex hull algorithm[3] wasgiven. Prior to this
nocomputablealgorithmfor theconvex hull wasknown for exactrealinputs.This
partialconvex hull algorithmcanbe implementedrobustly on a realisticmachine
andhasbeenshown to becomputable.Computablealgorithmsfor Delauney Tri-
angulationandtheVoroniodiagramhavealsobeendevelopedandaregivenin [1].
Heretheauthorsextendtheframework of partialpointsandsolidsto includepartial
linesandpartialdiscsanda computablefunctionfor �nding theperpendicularbi-
sectorof two partialpoints.This is evidencethatthenew modelfor computational
geometrycanindeedbeusedto createactualrobustalgorithmsasperrequirement
5.

The new framework for solid modelling if very mucha theoreticalone and
implementationsmaytake many forms. Futurework will likely focuson realistic
andpracticalimplementations.The useof rationalpolyhedragives an effective
structureto the solid domainandresultsin computableoperationson solids. In
practicehowever the numberof rational digits requiredto storethe verticesof
polyhedramaygrow to beprohibitive. Theauthorsor [2] suggesttheuseof dyadic
vertices(verticeswhosedenominatoris a power of 2). In this case,sincedyadic
polyhedraarenot closedon binary operationssomeform of roundingwould be
required.Suchroundingmethodsarecitedasanareaof possiblefurtherwork. Of
coursethereis alsomuchpotentialfor the developmentof additionalalgorithms
andoperatorswithin thenew framework.

References

[1] A. Edalat,Ali A. Khanban,andAndre Lieutier. Delaunaytriangulationand
voronoi diagramwith impreciseinput data. In Proceedingsof the 5th CCA
Workshop, 2002.

21



REFERENCES REFERENCES

[2] A. EdalatandA. Lieutier. Foundationof a computablesolid modeling. In
Proceedingsof the�fth ACM symposiumon Solidmodelingandapplications,
pages278–284.ACM Press,1999.

[3] A. Edalat,A. Lieutier, andE. Kashe�. Convex hull in a new modelof com-
putation. In Proceedingsof the13thCanadianConferenceon Computational
GeometryUniversity of Waterloo, 2001.

[4] D. Michelucci. Arithmetic issuesin geometriccomputations.In Proceedings
of thesecondRealNumbers andComputerConference, 1996.

[5] D. Salesin,J Stol�, andL. Guibas. Epsilongeometry:building robust algo-
rithmsfrom imprecisecomputations.In Proceedingsof the �fth annualsym-
posiumon Computationalgeometry, pages208–217.ACM Press,1989.

22


	Introduction
	Domain Theory
	Partial Orders
	Least Upper Bounds

	Complete Partial Orders
	Directed Complete posets
	Flat Domains
	Continuous Domains
	Functions over CPOs

	The Domain of Real Numbers
	Partial Solids
	Topological Spaces
	The Domain of Solid Objects
	Partial Points
	Basic Operations on Partial Solids
	The Membership Predicate
	Complement
	Union and Intersection

	Computability of Partial Solids

	Computable Convex Hull
	The Partial Convex Hull
	An Effective Algorithm for Cn


